In this paper, we study quadrilaterals in Steiner triple systems. We present two recursive constructions for Steiner triple systems having no quadrilaterals. We also consider the maximum number of quadrilaterals a Steiner triple system of any given order can have. The upper bound is reached precisely when the Steiner triple system is the projective space PG(d, 2). Some recursive constructions for Steiner triple systems having 'many' quadrilaterals are also presented.
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Introduction
A Steiner triple system of order n (or STS(n)) is a pair (V, 93) where V is a finite set of 12 elements called points, and 93 is a set of 3-subsets of V called blocks such that any 2-subset of V is contained in exactly one block of 94. It is a well-known fact that an STS(n) exists if and only if n = 1 or 3 (mod 6).
A quadrilateral in an STS is a subset of four blocks whose union contains precisely six points (a quadrilateral is also known in the literature as a fragment or a Pasch configuration). A quadrilateral must be isomorphic to the following configuration: {a, b, c}, {a, 4 e>, {f, b, 4, {f, c, e>. An STS(n) which contains no quadrilaterals is said to be quadrilateral-free or anti-Pasch, and is denoted QFSTS(n). QFSTS(n) have been previously investigated in [l-5, 111 , and the following classes are known to exist. These are constructed by direct methods. (1) [l, 51 1f n = 3 modulo 6, then there is a QFSTS(n).
(2) [3] If the order of -2 modulo p is congruent to 2 modulo 4, for every prime divisor p of n -2, then there is a QFSTS(n).
(3) [ll] Zf q = 19 modufo 24 is a prime power, then there is a QFSTS(q). (4) [l] Suppose q = 1 modulo 6 is a prime power than can be written as q = p a, where p is prime, p # 7, 13, and either CE is even or p = 1 or 3 modulo 8. Then there is a QFSTS(q).
As a consequence of the above results, there is a QFSTS(n) for n = 9, 15, 19, 21, 25 or 27. In fact, there is no QFSTS(n) for n = 7 or n = 13 [9] . There is a unique STS(9) and a unique QFSTS(15) up to isomorphism. For n = 19, there are at least 101 non-isomorphic examples of QFSTS known [4] .
In this paper, we give two recursive constructions for QFSTS in Section 2. These are the first recursive constructions for QFSTS.
We are also interested in the maximum number of quadrilaterals an STS(n) can contain. Accordingly, we define MQ(n) to denote this number. In Section 3, we show that MQ(n) s n(n -l)(n -3)/24. Further, this bound is met with equality precisely for the projective spaces PG(2, d) (so n has the form 2d -1, d 2 2).
In Section 4, we give some recursive constructions for STS having 'many' quadrilaterals. Applying our constructions, we obtain a list of lower bounds for MQ(n), n < 50.
Two recursive constructions for QFSTS
In this section, we describe two recursive constructions for QFSTS. The first construction is a 'direct product' construction; it was presented independently by Griggs, Murphy and Phelan [5]. It is a routine matter to verify that (Z, %) is an STS(nm). We shall show that it is quadrilateral-free.
Suppose we have a quadrilateral in (Z, (e): This completes the proof. Cl
Our second recursive construction is a singular direct product construction. It employs Latin squares which enjoy certain properties.
A subsquare of a Latin square is a square subarray that is itself a Latin square. A Latin square is said to be an N,-Latin square if it contains no subsquare of order 2. It has been shown that an N,-Latin square of order 12 exists for all n s 3, n # 4 [7, 8, lo] .
We need N,-Latin squares which satisfy additional properties. Let L be an N,-Latin square of even order n, on the symbols 1, . . . , n. We say that L is special if it satisfies the following conditions: Proof. We use the construction for N,-Latin squares given in [7] . It will turn out that the resulting squares are special.
Case (1) Let A = (Ui,j), B = (bi,j), C = (Ci,j)t and define L to be the square array
Then L is an N.-Latin square of order IZ [7] . We shall verify that it is special. Consider four cells and The first five inequalities already occured in Case (l) , and the second five inequalities must be true since the set {$,i} is disjoint from the set {d,,j}.
Case (3) k S 3.
By induction on k, we can assume that there exists a special Latin square of order 2'-' m which has the form where A, B, and C are themselves special subsquares of order 2k-2m. We then proceed exactly as in Case (2), to construct a special Latin square L of side n. q
Now we can prove our second recursive construction for QFSTS.
Theorem 2.3. Zf there is a QFSTS(u), u = 1 mod 4, and u -1 has an odd divisor exceeding 3, then there is a QFSTS(3(u -1) + 1).
Proof. Let u -1 = 4~. Let X, Y, and 2 be disjoint sets of cardinality 4w, and let
Denote the elements of X, Y, and Z by X=(X;, lsi~4w}, Y={y;, l~ii4w}, andZ={z,, l<i<4w}.
Let (X U {m>, a), (Y U {m>, a), and (Z U {m}, %) be QFSTS(u). Without 1OSS of generality, we can stipulate that these STS contain the following blocks: It is easy to see that ((00) U X U Y U Z, ti U 54 U %T U 9) is an STS(3(u -1) + 1).
We shall prove that it is quadrilateral-free. From the way ti and %? were constructed,
we have (i -jl = 1 and lg -h( = 2 or 3.
But then L(i, g) = L(j, h), contradicting property (3).
(iv) IQ n &?I = 1, IQ n '72) = 1, and IQ fl91=2.
Then, Q has the form:
{O"9 Xi, xj}, {wt zg* zh)r {xi, Ykr zg>t {xj? Yk, zh).
From the way .4 and % were constructed, we have Ii -jl = 1 and Ig -hl = 2~.
Also, i, j =z 2w or i, j > 2w. Then, IL(i, k) = L(j, k)( = 2w, contradicting property (I).
(v) lQ n 31 = 1, IQ n %I = 1, and IQ fl91= 2. Then, Q has the form:
{M~ Yi, Yj>J irnY zg, -%)P hk, Yi, z,>~ ixk, Yj, zh).
From the way C% and % were constructed, we have Ii -jl= 2 or 3 and (g -hl = 2w. Also, either i, j < 2w; or i, j > 2w. but then
property 2). It is a simple matter to see that there are no other possible distributions of Q to consider. Hence, the STS(3(u -1) + 1) is quadrilateral-free. 0
An upper bound on the number of quadrilaterals in an STS
In this section, we prove an upper bound of the number of quadrilaterals in STS, and determine precisely when it can be attained. Define MQ(n) to be the maximum number of quadrilaterals in any STS(n).
Theorem 3.1. MQ(n) s n(n -I)(n -3)/24.
Proof. Let B, and B2 be two intersecting blocks in an STS(n), say B, = {a, b, c} and B2 = {a, d, e}. There are at most two quadrilaterals that could contain B1 and B,, say:
. atrs of intersecting blocks in an STS(n). This yields a total of at most n(n -l)(n -3)/4 quadrilaterals. However, we have counted each quadrilateral six times by this approach. Hence, MQ(n) < n(n -l)(n -3)/24. q Theorem 3.2. An STS(n) contains n(n -l)(n -3)/24 quadrilaterals if and only if it is isomorphic to a projective geometry PG(k, 2), for some k 2 2. From the proof of Theorem 3.1, we see that this STS contains the maximum number of quadrilaterals. Conversely, suppose we have an STS(n) which contains n(n -l)(n -3)/24 quadrilaterals. If n = 7, then the unique STS(7) is PG(2,2), and it does contain 7 quadrilaterals. Hence, we can assume n > 7.
If two blocks have a common point, then they will be in two quadrilaterals. As well, the STS contains two disjoint blocks, since n >7. Hence, the Veblen-Young axioms are satisfied [12] , and the STS is isomorphic to a projective space PG(k, 2) for some k > 2, and n = 2k -1. Cl
Some lower bounds for MQ(n)
In this section, we prove some lower bounds on MQ(n) when n is not of the form 2k -1. We use recursive constructions to obtain these bounds. The first construction is the same as was used in the proof of Theorem 2.1. The following lower bound is obtained. From the five cases enumerated above, the total number of quadrilaterals is n2Q, + m2Q, + 24Q,Qn. The following corollary is immediate. For our remaining constructions, we need some results about subsquares of order two in Latin squares (subsquares of order two are also known as intercalates). Let Z(n) denote the maximum number of intercalates in any Latin square of order n. Some interesting results on Z(n) are proved by Heinrich and Wallis in [6] . We now prove a lower bound using the direct product construction. It is a routine matter to verify that (Z, %) is an STS(nm). For each of the m 'copies' of 98, we get MQ(n) quadrilaterals, and for each of the (m" -m)/6 blocks in &, we get r(n) quadrilaterals arising from the I(n) intercalates in L.
Hence, the total number of quadrilaterals is at least mMQ(n) + (m' -m)Z(n)/6. q Corollary 4.6. Suppose n = 1 or 3 module 6. Then MQ(3n) > 3MQ(n) + l(n).
Our next recursive construction is a type of singular direct product. This will provide a lower bound on MQ(3(n -1) + 1) in terms of MQ(n). It is easy to see that (Z, %) is an STS(3(n -1) + 1). Let's determine a lower bound on the number of quadrilaterals in (Z, %). From each of the three 'copies' of (X, a) in (Z, %), we get MQ(n) quadrilaterals.
Next, we observe that (Z, %) contains (n -1)2/4 subsystems STS(7). For any 1 G i G (n -1)/2 and for any 1 c j c (n -1)/2, there is an STS(7) on the points O"l (i, l), ((n -l)/2 + i, 1), (j, 2) ((n -1)/2 +j, 2), (L(i, j), 3), ((n -1)/2 + L(i, j), 3) .
From each such subsystem, we obtain 7 quadrilaterals, by deleting each one of the 7 points in turn. We have counted (n -1)'/4 quadrilaterals which arise directly from intercalates of K by deleting the point 0~ from one of the subsystems STS (7) . From the remaining 8Z((n -1)/2) intercalates, we get 8Z((n -1)/2) more quadrilaterals. All these quadrilaterals are distinct, so the stated lower bound follows. 0
We state but do not prove two generalizations of this result. Let's now construct Table 1 of lower bounds on MQ(n) for n < 50.
